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1. Introduction 


It is a well-known fact that small energy proton-proton scattering experiments 
can be well explained by several different potential functions. Usually the well 
potential, the exponential potential and the Yukawa and Gauss potentials have 
been taken into account (cf. e.g. ref. [5, 19]). On the other hand it can be proved 
that scattering data under certain conditions determine the potential function 
uniquely. Therefore it seems to be of considerable interest to make a direct 
attempt of calculating the proton-proton interaction from available experiments. 
In some previous papers [9, 10, 11] the problem of determining a central inter- 
action from the asymptotic phase has been solved in principle. Later Bare- 
MANN [3, 4] gave several examples of phase-equivalent potentials, but this ambi- 
guity was settled by Levinson’s uniqueness theorem [21, 22]. In these treat- 
ments, however, Coulomb forces were excluded. It is the aim of the present’ 
paper to investigate this case; the corresponding uniqueness theorem has been 
constructed by JAUHO [20]. 

There are some great advantages in studying scattering between identical 
particles. From Pauli’s exclusion principle it follows that there can be no 
38-scatterg. As a matter of fact it turns out that for low energies (<10 MeV) 
the 1S-state is completely predominating. 


2. The Coulomb wave equation; orthogonality theorems 


The radial equation for pure Coulomb scattering can be written 


au Ef eae: seal 
t 1k -u=0 1 
dr* E r r ‘is (1) 
2 
with k= ae and « = aoe where M is the proton mass and e the energy 
D 2n*k 


in the laboratory system. 


1 ih 
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Now we choose two solutions w and v, forming a fundamental system, in the | 
following way: u(0) = 0, Uso ~ sin (kr +). It turns out that | 


n= —alog2Qhr—sla-+ arg (ta +141) 


(cf. [11] and [28]). The other function v is defined by v;-. ~ cos (kr + 4) with 
the same 7 as in wu. 

In the following treatment we need some orthogonality theorems. Then we 
have to consider two energy values, i.e. two values of k, say k and x. Ob- | 
serving that ka, = xa, we easily obtain 


Uy Uy — Up Uy + (hk? — 2?) up uy = 0. (2) 
Integrating from zero to infinity and making use of the asymptotic expression | 


for-w we get 


iv) 


[mur = Fo(k—m, (3) 
5 hed 
If we start from the equation 
u’+fi(r)u=0 (4) 


with the fundamental system (wu, v) we can form a third order differential equa- 
tion with the solutions U = u?, V=wuv and W=v*. Taking V for example 
we have 


Vo=wWwotu' 
V" =u" vt Qu'v' + uv” 
Vi" = wo st Bu + Bw +”. 
On the other hand we obtain by differentiating equation (4) 
uw’ + fir)a’ + fA{r)u=0 
un + fir)o’ +P (r)o = 0. 
Thus V'" = —fi(r)-(u'v + uv!) —2f (r) wo — 3f (r) (uo + wr’) and 
V+ 4f(r) Vi + 27 (r) V =0. (5) 
We also need a second order equation in U: 


Ua, U =Quw and U0" = ou eee 
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Thus U" —4uu" + (Quu”—2u’?) =0 or 
UO" + 4f(r)U + (2uu” —2u'*) =0. (6) 
Now we can directly write down the following system (cf. [10, 18]) 


2 ¥ ’ , 
ui+ale— iS 1) ca Ux + (2x, uy — 2uz”) = 0 


2%] ; 
ve +a| 2 ond tl, +4 [OY + 2] = 0 


, 


(7) 


Multiplying these equations by V;, and — U; and integrating from zero to in- 
finity we get 

fae - 2 Ahk ; (8 ies a 8 eee 
[Ui Vi — Ur Veloce + 4(k? — x?) | Un Vadr— | 4UnV.(——g— + =a") dr 


0 0 


oo 
+ [Vie (2 un we — 2 42) |? — [ Va mmr! —2 eu) ar =.0; 
0 
: : mr ee l l el ka 
As is easily found uzug — Ugur = —2/ ( 2 + a - Ux, and after some 


trivial calculations, where we make use of the asymptotic behaviour of u, U 
and V we obtain 


[5 Ue Ke@ar= —F9e—x) (8) 
[ /Dile) Vale) dr = Fk x (9) 


3. The complete wave equation and the nuclear phase 


We now turn to the case in which there exists a central nuclear interaction 
besides the Coulomb force. The corresponding radial equation reads 


2 Zak 
y+ [eM Y 24 - vey (10) 


The regular solution has the asymptotic form 


y ~ sin (kr + 7 + 0) (11) 
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where 6=6(k) is the nuclear phase. As in [9] and [17] we find the exact 
equation 
k sin 6(k) = [ V(r)- we (r)- ye (r) dr. (12) 


0 


4. Different possibilities for obtaining approximate solutions 


Our problem can now be formulated: Given the phase function 6 (xk) for every 
positive k, find the potential function V(r). We will try to tackle this prob- 
lem starting from equation (12). The main difficulty is, of course, that the 
unknown function V(r) is involved implicitly also in y. We will try to get 
around this complication by replacing y; by some suitable easy-handled func- 
tion. The most natural choice seems to be 


Y—> aUn + bvz 

or with respect to the asymptotic behaviour 

Yr > Un: cos 6(k) + vg- sin 6(k). 
Unfortunately this relation is not compatible with the boundary condition 
yz (0) = 0 unless 6(k) = 0. Anyhow, let us suppose that the phase shift is small 
and replace y; by uz. This agreed upon we get 

ksin 6(k) = [ V(r): Ug (r)-dr (13) 

6 

which corresponds to Born’s approximation. 


Another possibility is offered by the followimg procedure.t We replace y; by 
(Yz)zk—0 = Yo Which is independent of k. Then the equation 


k sin 6 (k) V (r) ur (1) Yo (vr) dr 


I 
om 


can be solved by using eq. (3): 


[oe] 


») *) 
V (r) + Yo (r) mi | k sin 6 (k) > ux (r) dk. 


0 


* T am indebted to Dr. Nits Svarruorm for this suggestion. 
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On the other hand yp must be a solution of 
” 144 
Yo ~ 7. Yo ayy Vor) 


the right hand side now being a known function. Solving for yy we obtain 
directly the function V (r) desired. 

In order to get an idea of how this process works, consider the following 
example 


sin 6 (k) 


( 4k? 
, log (1 =F =| 
a: 
x 


“xr 
(this corresponds to the Born approximation of V (r) = bx — without Coulomb 


forces). Then we must replace uz by sin kr: 


eels ; : 
Putting — =« and xr=4 and further adding a convergence factor we obtain 
x 


Lo.) 


bx ot Aa bx gto 7 Sey) 
Virduo = [ vo eo da= — 57 |e-Bs(—5) + € Bi(2) |. 


0 


Now y shall be determined from 


oe = — 99 V(r). 
Putting 4 = 2x and consequently r = — we get 
oe Te... ene | 
ieee Fa ©) Ei (a) 
Thus 
dy  b wes 
bib wet (a) Ba ( o) Cy 
and 
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sin 5(«) 


0.8 f--- 


0.05 0.10 0.15 0.20 0.25 0.30 
Fig. 1. 


ty = 2 [e Bi (a) Bi(— 0) — @ Bi(—2) + e* Bi (a) + a + ey 


Choosing c, = cg = 0 we obtain 


a é& Bi(— 2) + e~* Ei (2) 
4 ele Hi (ais (—2)— e& E1(— 2) + € 7 Evita) 


v= 


with «=34xr. When z is small we have 


Nee 5 and for large values of x 
2 
“a log = 
et 
aa 
le Be Neither of these expressions bears any strong resemblance to the 


Yukawa potential function, and we must conclude that this approximation method 
is unadequate, at least for large energies. The discrepancy for small energies 
can be explained from the fact that the Born approximation for the phase shift 
is poor in this case. 

We thus return to equation (13). It can easily be solved by means of the 
orthogonality condition (8): 


Voy =—= [ sin 0): Ve(r)- dk. (14) 


We make some simple substitutions 


6 
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2 


kr =o, 2a= 7, x= +f and #7 = A. 
Then we have 
by ae Se | fa Ly, de 
Vi=— Sots | sind(@) {Fle ev Maze cs 3 
or 
ee Peet aa 6 (2) 
V(r) = ray | 53 da (16) 
0 
where 
d 
p (a, A) = ie [w (x, @) v(x, ote 2 (17) 


As is well-known the S-phase is predominating and the function sin 6(«) for 
1=0 (see Fig. 1) is known from experiments (cf. e.g. [19] and [30] which 
also contain a more detailed list of references). Thus our problem has been 
reduced to determination of the function m(a«, A). The regular function w and 
its derivative have been taken from the tables computed by Math. Tables 
Project, New York [25], while no tables of the irregular function v and its 
derivative have been available. For this reason rather extensive calculations 
of these functions have been performed, mainly for small values of « and 0. 


5. Computation of the irregular Coulomb S-wave functions 


When o is large compared with « we can use the asymptotic expression 
v~cos(o—alog2o+argI@a+1)). As a matter of fact it is even possible 
to derive a better approximation in the form of a series expansion. Putting 


v = cos 6 -[1 + ag (0) + x G2 (0) +---]— 


—sin 8 - [ay (9) + & pe (o) + °°") 
with 
6=o—a«alog29 + arg '(ta+ 1) 


and using the differential equation for v we obtain, collecting the first order 
terms in «@: 


| 2 v1 -— Pi ==" () 


} i / tr 
lz ait 291 oy Ut, 0. 


Claiming ¢, (co) = y, (ce) = 0 and eliminating we get: 
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Mt 2 
Pa AP 
Q 
ar 1 
|vi 1 a= ° 


Making use of the well-known fundamental solution sin|%— &| of the equation 
y’ +y=0 we easily find 


[> 
e 


In a similar way collecting second order terms in « we obtain equations for 


~z and ws, and only technical difficulties prevent us from going further in 
this manner. 


As has been pointed out by ABRAMowiTz ([2], p. 78-79) it is possible to 
obtain a semi-convergent series expansion by elementary methods. Putting 


w= sino [14 204 284. [ 4 coo [48+ 224. 
2 4 e 2 


[v= cona[i+ 24 484... | sino [By By 
Q Q Q e 


(2h Ap = a(2h—1) Ap-1 —[a® —k(b—1)] Bea 


2% By = 0 (2h —1) Bea + [o2 —k(E—1)] Bea 


I 


sin 20 0i20 + cos 20 (3 — S120) 
(18) 


cos 29 0129 — sin 29 (5— Si29) 


we get 


with Ay = 1 and By) = 0. Solving for the coefficients yields 


2 


A As (es), As = 44(—4+ 11a? 328); 
a ea oe 

B= ar B= pl 1+ Bee 4 ie, 
a” : 

Ay 5g (= D4 tt 160 a 106i ae . 

B, = —= (18 — 113.42 + 47a — 208) --- 


48 


Combining all terms proportional to « we find exactly the semi-convergent series 


of the functions gy, and y, defined above. After some computations we obtain 
the following formulae 


8 
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u = sind [14am +e (ape t | bo] te 


(19) 


— 


4 
v =cos@- L+agte?(s's— seat) + [- 


+ 0080: | ny +92 a me | | 
[ 20 6e 


where g, and y, are defined by (18). 
It is interesting to observe that 


u’ +v =2cos 0+ O(a?) 


u —v' = 2sin 6 + O(a?) 


and consequently u? + wu’? + vo? + uv’? = 2+ O(a?) (since wv — uv’ = 1). 


For completeness the corresponding formulae will also be given in the case 
1>0. Consider the equation 


2 
@ Q 


with the solutions w and v. When «=0 we have the fundamental system 
Ug, Vp Where 


l I—1)l(l+1)(+2 
Ly pee 


ee 2 


| L— Did ly +2 
vp(o) = c08(9— 32 [a ) a ) (t+ Le 


2 
—sin(o— ca). | Me | 
[ ae Sipe gee Pd beet 


and the expressions within brackets contain only a finite number of terms. 
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Putting 
=o—alog2o+ arg P(ia +1 + 1) 


we will try to find a series expansion for uw and v in terms of a: 


fw = Uo (8) - [1 + «gy (e) +--+] + % (9) - [xy (9) +- J 
(ov = 0% (8) [1 + ag (9) + ---]— 40 (9) [ay (0) +27] 


where 9, G2, ... and y1, Y2,... vanish at infinity. Obviously wu and v go over 

: in l : 

into wp and v when « = 0 and further (‘) ~ #2 (6— 57) as it should be. 
o> 00 

We limit ourselves to the determination of the functions y, and y,. Inserting 

into the differential equation we find after some calculations, comparing terms 

of the same order: 


i i. Ed 
i 2y1 us ) = 9 
Q 
OAL 
PUTAS Eevee 


Eliminating and using the boundary conditions we obtain 


6 21(/ + 1) 
g1 +49 = 
sane o 
wr 9 |? Ae 21—1 
Ce a o 


with the solutions 


Le) 
0 


y, = (2P + 21—1)-| sin 20(F—si2e) — cos 2p Ci 29]. 


\ rst rm ar : oe 
Qi = (216 > 27h) [cos 20 (3 Si2e) + sin 29Ci29| 


Thus 
fu. = Uo (9) -[1 + aq] + % (6)- ap, + O(a?) 
|v = 09 (0)-[1 + agi] — uo (0) oy + O(a?) 


We also easily find the relations 


10 
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For illustration we choose « = 0.01, @ =6 and « = 0.02, 9 =3. From (19) 
we get v= 0.951927 and v = — 0.985270, while direct computation (Table I) 
yields v = 0.951932 and v = — 0.985269 respectively. 

For moderate values of @ and « we can use the integral formulae for v and 
v’ given in a previous paper [11].1_ With the notations 


A= or eae d x—alo sae 
a4 0 Star OQ a aT ? 


Ry poi e72en 
w = arctg y and A = we have: 


207 


z 
eed (e*° — osin g) da 
0 


1 


“19 
vv =—A ee ee pcos + sing) de. 


These formulae are, of course, impractical for computation of tables but never- 
theless useful for checking purposes. 
For small values of @ the power series expansions give very accurate values 


; / ene —] 
|e = J axq Mot ne tage? +-- + loge(het bet: )} 
‘ - (21) 


2a __ | P . , / - 
| a= {a9 + a10 + ago? +---+ loge(bo + bie +---)} 
aK ; 


The coefficients are obtained from the system 


foe - logs (2 k + 1) bria — 2aaz + 1 = 0 
k (k = 1) bp-+1 —Qabp. + br_1 = 0 


ee = kay + by, be-1 = bbz, 0, = 2aaQq- 


If we choose a, = 1 and a, = 2ac, where 


I" (ta) 
Iva) 


c= log2+ 2y—1+R.P. (y = Euler’s constant) 


we obtain the function v desired [28]. Thus we know the behaviour of v for 
small values of @ and for large values of 9. In order to fill the gap between 
these extremes we must turn to numerical integration. Since the derivative v’ 


1 The corresponding formulae for the regular functions w and w’ were first given in [23]. 


ut 
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is logarithmically divergent at the origin the integration must start at some 
o>0 (in practice @ = 0.05). The calculations were performed on the Swedish 
automatic relay computing machine BARK in Stockholm. During this work it 
soon appeared that the checking plays a fundamental rdle. Three methods (a 
difference method, Runge-Kutta’s method and Taylor series expansion) were 
tried, all of which worked successfully, but the last method (suggested by KJELL- 
BERG) turned out to be superior to the other ones. Checking could be ac- 
complished by back-ward integration of every step and comparation with the 
old values. When the difference was = 2~*4 the interval was diminished. Larger 
errors were usually due to occasional failures by the machine and in such cases 
a new run of that particular step was undertaken. 

Moreover some values were also checked by the formulae (20), especially for 
large values of 9. Further a very efficient mathematical check, viz. 


WU— UD = | (22) 


has found extensive employment. As a matter of fact this identity also allows 
for correcting a wrong solution. Suppose that we have obtained a solution 
w=au+ Bv (« and § unknown constants) differmg by a small quantity from 
the wanted solution v. Then u’w—uw’ takes a value y instead of unity: 


wu (au t+ Bv)—u(au' + Bo')=y 


and hence, using (22) we get B= y. 
Now choose @ near a point where w= 0. In such a poimt we have 


u'~0, v~0; 
and 
U~ rb AR jen ee i 
In the expression 
w =au' t+ Bo’ 


both « and u’ are small and we have approximately 


(valid in this special point). From (22) we can also determine v and then « 
can be calculated from w= au+ fv. The process can be repeated to give a 
better value for «. Knowing the values of « and f we can easily adjust the 
function w to the desired solution v. 

Checks by means of (22) were undertaken at random for all values of «. 
The results suggest between five and six correct figures, but in many cases the 
accuracy is without doubt still better. For this reason it seems justified to give 
six figures in the table. (The numerical integration was performed with 24 
binary digits, i.e. slightly more than 7 decimal digits.) For not too small values 
of @ (where the series expansion should be used instead) five-point Lagrangian 
interpolation with respect to both variables will be sufficient and adequate. 


12 
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6. Table I (Computed on the “BARK”’) 


The irregular Coulomb wave function v, determined by: 


d? v 2a 

de (==) =O; U0 ~ cos (0 +7); 

y= —alog2o + arg I(ta+ 1). 

Q v v Q | v wv 
a= 0.01 : 

0 + 1.015916 —co 0.27 + 0.973465 — 0.271222 
0.01 +1.014984 —(0.0779315 0.28 + 0.970707 — 0.280236 
0.02 + 1.014232 —0.0740115 0.29 + 0.967860 — 0.289249 
0.03 + 1.013485 —0.0759282 0.30 ++ 0.964922 — 0.298258 
0.04 + 1.012706 —0.0802301 0.32 + 0.958777 — 0.316254 
0.05 +1.011876 —0.0858352 0.34 + 0.952273 — 0.334206 
0.055 +1.011440 —0.0889651 0.36 + 0.945409 —0.352099 
0.06 + 1.010987 —0.0922614 0.38 + 0.938189 —0.369917 
0.065 = 1.0OL0SRT —0.0956971 0.40 + 0.930613 — 0.387647 
0.07 + 1.010029 —0.0992511 0.42 + 0.922684 — 0.405276 
0.075 + 1.009524 —0.102907 - 0.44 + 0.914403 — 0.422793 
0.08 + 1.009000 — 0.106650 0.46 + 0.905773 — 0.440186 
0.085 + 1.008458 —0.110471 0.48 + 0.896797 — 0.457445 
0.09 + 1.007895 — 0.114359 0.50 + 0.887476 — 0.474560 
0.095 + 1.007314 —0.118308 0.52 + 0.877815 —0.491521 
0.10 + 1.006712 —0.122310 0.54 + 0.867817 — 0.508319 
0.105 + 1.006091 — 0.126360 0.56 + 0.857484 — 0.524945 
O.11 + 1.005449 — 0.130453 0.58 ++ 0.846820 — 0.541391 
0.115 + 1.004786 — 0.134585 0.60 +0.835829 — 0.557647 
0.12 + 1.004103 — 0.138752 0.65 + 0.806947 — 0.597409 
0.125 + 1.003398 —0.142951 0.70 +0.776111 — 0.635820 
0.13 + 1.002673 —0.147180 0.75 + 0.743390 — 0.672767 
0.135 +1.001927 — 0.151435 0.80 -+- 0.708860 — 0.708143 
0.14 +1.001159 — 0.155714 0.85 + 0.672603 — 0.741848 
0.145 + 1.000370 —0.160015 0.90 + 0.634705 —0:773790 
0.15 + 0.999559 — 0.164337 0.95 + 0.595255 —0.803880 
0.16 + 0.997872 —0.173035 1.00 + 0.554349 — 0.832036 
0.17 +0.996098 —0.181796 1.05 +-0,512085 —0,858182 
0.18 + 0.994236 —0.190610 1.10 + 0.468566 — 0.882246 
0.19 + 0.992285 —0.199469 1.15 + 0.423896 —0.904166 
0.20 +0.990246 — 0.208365 1,20 + 0.378186 — 0.923880 
0.21 + 0.988118 —(0.217291 1,25 + 0.331546 — 0.941337 
0.22 + 0.985900 — 0.226243 1.30 + 0.284091 — 0.956490 
0.23 + 0.983593 — 0.235215 1.40 +0.187201 — 0.979723 
0.24 + 0.981196 —0.244203 1.50 + 0.088467 — 0.993327 
0.25 + 0.978709 — 0.253203 1.60 —0.011139 — 0.997146 
0.26 + 0.976132 —(0.262210 1.70 — 0.110634 — 0.991125 
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(Table I, Cont.) 


0 v vo 0 v v 
1.8 — 0.209037 —0.975311 4.0 — 0.674436 + 0.738379 
1.9 — 0.305375 — 0.949847 4.1 — 0.597368 + 0.801708 
2.0 — 0.398693 — 0.914976 4.2 — 0.514360 + 0.857072 
2.1 — 0.488067 — 0.871034 4.3 — 0.426237 + 0.903920 
2.2 —0.572611 — 0.818449 4.4 — 0.333876 + 0.941782 
2.3 — 0.651486 —0.757738 4.5 — 0.238193 + 0.970280 
2.4 — 0.723908 — 0.689497 4.6 —0.140141 + 0.989129 
2.5 — 0.789157 — 0.614400 4.7 — 0.040695 +0.998140 
2.6 — 0.846584 — 0.533187 4.8 + 0.059155 + 0.997220 
2.7 —0.895617 — 0.446662 4.9 +0.158418 +0.986377 
2.8 —0.935768 — 0.355684 5.0 + 0.256104 +0.965717 
2.9 — 0.966636 — 0.261153 o1 + 0.351241 +0.935445 
3.0 — (0.98790 — 0.164008 5.2 + 0.442882 +0.895860 
3.1 — 0.999382 — 0.065213 5.3 --0.530115 +-0.847355 
3.2 — 1.000932 + 0.034250 5.4 + 0.612072 +0.790412 
3.3 — 0.992543 + 0.133393 5.5 + 0.687935 + 0.725597 
3.4 — 0.974297 + 0.231228 5.6 + 0.756950 + 0.653553 
3.5 — 0.946373 + 0.326784 5.7 + 0.818429 + 0.574997 
3.6 — 0.909048 + 0.419109 5.8 + 0.871759 + 0.490712 
3.7 — 0.862690 + 0.507284 5.9 +0.916408 + 0.401535 
3.8 —0.807759 +0.590430 6.0 + 0.951932 +0.308355 
3.9 —0.744799 + 0.667718 
a = 0.02 

0 + 1.032254 CS) 0.22 +0.996086 — 0.234884 
0.01 + 1.030412 — 0.148076 0.23 + 0.993697 — 0.243064 
0.02 + 1.029039 — 0.129822 0.24 + 0.991224 —0.251300 
0.03 atl O Zeno —0.123426 0.25 + 0.988670 — 0.259583 
0.04 + 1.026555 —0.121877 0.26 + 0.986033 — 0.267907 
0.05 + 1.025332 — 0.122979 0.27 + 0.983312 — 0.276267 
0.055 + 1.024715 — 0.124196 0.28 + 0.980507 — 0.284658 
0.06 + 1.024090 — 0.125753 0.29 + 0.977619 — 0.293075 
0.065 + 1.023457 —0.127594 0.30 + 0.974646 — 0.301512 
0.07 + 1.022813 —0.129677 0.32 + 0.968446 — 0.318436 
0.075 + 1.022160 — 0.131967 0.34 + 0.961908 | — 0.335399 
0.08 + 1.021494 — 0.134439 0.36 + 0.955030 —0.352377 
0.085 + 1.020815 —0.137068 0.38 + 0.947813 — 0.369349 
0.09 + 1.020123 — 0.139837 0.40 + 0.940257 — 0.386293 
0.095 +- 1.019416 — 0.142731 0.42 + 0.932362 — 0.403192 
0.10 + 1.018695 — 0.145735 0.44 +0.924129 — 0.420030 
0.105 = L.OWI9 59 — 0.148839 0.46 +0.915561 — 0.436792 
0.11 + 1.017206 — 0.152034 0.48 + 0.906658 — 0.453464 
0.115 +1.016438 —(.155310 0.50 +0.897423 — 0.470032 
0.12 + 1.015653 —0.158661 0.52 -+- 0.887858 — 0.486485 
0.125 + 1.014852 —0.162079 0.54 + 0.877965 —0.502811 
0.13 + 1.014032 — 0.165560 0.56 +-0.867746 — 0.518999 
0.135 + 1.013196 — 0.169098 0.58 + 0.857206 — 0.535038 
0.14 + 1.012341 — 0.172688 0.60 + 0.846346 —0.550919 
0.15 + 1.010578 —0.180011 0.62 + 0.835170 — 0.566632 
0.16 -- 1.008740 —0.187502 0.64 + 0.823682 — 0.582168 
0.17 + 1.006828 — 0.195136 0.66 + 0.811885 —0.597517 
0.18 + 1.004837 — 0.202894 0.68 + 0.799782 — 0.612672 
0.19 + 1.002769 — 0.210761 0.70 + 0.787379 — 0.627624 
0.20 + 1.000622 — 0.218723 0.72 +0.774679 — 0.642365 
0.21 + 0.998394 — 0.226768 0.74 +0.761686 —0.656887 
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ARKIV FOR FysIk. Bd 3 nr 1 


(Table I, Cont.) 


Q v v 0 v v 
0.76 + 0.748405 — 0.671183 1.8 | —0.190751 —0.976414 
0.78 + 0.734840 — 0.685245 1.9 | —0.287301 —0.953009 
0.80 + 0.720997 —0.699067 2.0 | — 0.381040 —0.920250 
0.85 + 0.685200 = 03732523 251 — 0.471049 —().878442 
0.90 +0.647772 —0.764329 2.2 — 0.556440 —0.827981 
0.95 + 0.608797 —0.794390 2.3 ——(,0800me — 0.769353 
1.00 + 0.568363 —0.822617 2.4 —0.710057 —0.703122 
1.05 + 0.526567 — 0.848927 2.5 —0.776765 — 0.629935 
1.10 + 0.483504 — 0.873243 2.6: | — 0.835836 —0.550504 
sg Bs + 0.439277 —0.895497 Qa7 — 0.886684 —0.465608 
1.20 + 0.393990 —0:915623 2.8 —0.928803 —0.376081 
1.25 + 0.347751 — 0.933564 2.9 — 0.961775 — 0.282802 
1.3 + 0.300671 —0.949269 3.0 —().985269 —0.186691 
1.4 + 0.204440 — 0.973794 3.2 | — 1.002978 + 0.010216 
1.5 + 0.106226 —0.988909 3.6 | — 0.920762 +0.395519 
1.6 -++ 0.006978 — 0.994426 4.0 | — 0.694782 +0.719501 
iyi — 0.092337 —0.990257 
a= 0.03 

0 + 1.049028 Oo) 0.525 -+ 0.895532 — 0.485750 
0.01 + 1.046247 — 0.220508 0.550 + 0.883) 41 — 0.505502 
0.02 +- 1.044232 — 0.187486 0.575 + 0.870258 — 0.525082 
0.03 + 1.042440 — 0.172536 | 0.600 + 0.856888 — 0.544467 
0.04 + 1.040757 —0.164973 || 0.65 + 0.828708 — 0.582566 
0.05 + 1.039127 —0.161448 0.70 + 0.798649 —0.619638 
0.06 +1.037519 —0.160473 0.75 + 0.766764 — 0.655539 
0.07 + 1.035912 =—O161251 | 0.80 = Urea Ay —0.690138 
0.08 +1.034290 —0.163309 | 0.85 + 0.697774 —0.723314 
0.09 + 1.032643 —0.166340 | 0.90 +0.660811 — 0.754954 
0.10 + 1.030961 —0.170135 || 0.95 + 0.622306 — (0.784956 
0.11 + 1.029238 —0.174545 1.00 + 0.582344 — 0.813224 
0.12 +1.027468 —0.179460 1.05 +0.541014 — 0.839668 
0.13 + 1.025647 —(0.184796 1.10 + 0.498409 — 0.864208 
0.14 +1.023771 —0.190486 || 1.15 + 0.454626 —(0.886767 
0.15 + 1.021837 —0.196480 || 1.20 + 0.409766 — 0.907276 
0.16 + 1.019841 —0.202736 || 1.25 +0.363934 — 0.925675 
0.17 +1.017781 —0,209218 | 1.30 +O. 37230 —0,.941905 
0.18 + 1.015656 — (0.215898 1.35 + 0.269780 —0.955918 
0.19 + 1.013463 —0.222753 || 1.40 + 0.221681 —0.967671 
0.20 + 1.011200 —0.229760 1.45 + 0.173052 — 0.977125 
0.21 + 1.008867 —0,236904 | 1.50 -+-0.124007 —0.984251 
0.22 + 1.006462 —0.244168 || 1.55 + 0.074666 — 0.989023 
0.23 + 1.003983 — 0.251539 1.60 + 0.025145 — 0.991423 
0.24 -+- 1.001431 — (0.259006 | 1.65 — 0.024437 —0.991440 
0.25 + 0.998803 — 0.266557 1.70 — 0.073960 —0.989067 
0.26 +0.996099 —0.274185 || 1.75 —0.123304 — 0.984306 
0.27 +-0.993319 —0.281879 | 1.80 —=OI2851 —0.977163 
0.28 + 0.990461 —().289634 || 1.85 — 0.220981 —0.967651 
0.29 + 0.987526 —0.297442 | 1.90 — 0.269076 —0,955789 
0.30 + 0.984512 —0.305296 || 1.95 — 0.316521 — (0.941602 
0.325 -+-0.976633 —(.325102 2.00 —().363198 —(0.925122 
0.350 -+ 0.968256 —().345090 2.4 —0.695851 — 0.716335 
0.375 + 0.959377 — 0.365196 | 2.8 — 0.921333 — (0.396170 
0.400 -+- 0.949996 —0.385367 || 3.0 — 0.982069 — (0.209157 
0.425 + 0.940109 —(0.405556 | 3.2 — 1.004434 —().013713 
0.450 +0.929718 —(0.425724 || 3.6 —0.931897 -+- 0.371769 
0.475 +0.918823 — 0.445833 | 4.0 —(0.714667 -+- 0.700186 
0.500 + 0.907427 —().465851 | 


C.-E. FROBERG, Determination of proton-proton interaction 


(Table I, Cont.) 


LT 


/ 4 
Q v v Q v v 
a = 0.04 
0 + 1.066249 —co 0.575 + 0.880679 — 0.519424 
0.01 + 1.062498 a 9-295303 0.600 + 0.867457 — 0.538300 
0.02 + 1.059820 — 0.247065 0.625 + 0.853765 — 0.557006 
0.03 + 1.057480 — 0.223309 0.650 + 0.839608 —0.575517 
0.04 + 1.055321 — 0.209560 0.675 + 0.824991 — 0.593812 
0.05 + 1.053271 — 0.201281 0.700 + 0.809919 — 0.611871 
0.06 + 1.051284 — 0.196455 0.725 + 0.794400 — 0.629674 
0.07 + 1.049334 — 0.194006 0.750 + 0.778438 — 0.647202 
0.08 +1.047398 —0.193290 0.775 + 0.762042 — 0.664438 
0.09 + 1.045463 — 0.193894 0.800 + 0.745219 — 0.681365 
0.10 + 1.043517 — 0.195535 0.825 +0.727976 — 0.697968 
0.11 + 1.041550 —0.198011 0.850 + 0.710323 — 0.714230 
0.12 + 1.039554 — 0.201173 0.875 + 0.692268 —0.730136 
0.13 + 1.037524 — 0.204908 0.900 + 0.673819 — 0.745674 
0.14 + 1.035455 — 0.209128 0.925 + 0.654987 — 0.760828 
0.15 + 1.033340 —0.213763 || 0.950 + 0.635781 — 0.775587 
0.16 + 1.031178 —0:218756 ||._ 0.975 +0.616211 — 0.789936 
0.17 + 1.028964 —0.224061 | 1.000 +0.596288 — 0.803865 
0.18 + 1.026696 — 0.229639 1.025 + 0.576022 — 0.817362 
0.19 + 1.024371 — 0.235458 1.050 + 0.555424 —0.830415 
0.20 + 1.021986 — 0.241492 1.075 + 0.534505 — 0.843013 
0.21 + 1.019540 —0.247715 1.100 + 0.513277 — 0.855148 
0.22 +1.017031 — 0.254108 1.125 + 0.491751 — 0.866807 
0.23 + 1.014457 — 0.260653 1.150 +0.469941 — 0.877984 
0.24 +1.011818 — 0.267335 1.175 + 0.447856 — 0.888667 
0.25 + 1.009110 — 0.274140 1.200 +0.425511 — 0.898849 
0.26 + 1.006334 — 0.281055 1.225 + 0.402918 — 0.908522 
0.27 + 1.003489 — 0.288070 1.250 + 0.380090 =O OUNKG aie 
0.28 + 1.000573 — 0.295176 1.275 + 0.357039 — 0.926307 
0.29 + 0.997585 — 0.302362 1.300 + 0.333779 —0.934406 
0.30 + 0.994525 — 0.309621 1.325 + 0.310323 —0.941967 
| 0.325 + 0.986555 — 0.328042 1.350 + 0.286685 — 0.948984 
0.350 + 0.978121 —0.346777 1.375 + 0.262878 — 0.955450 
0.375 + 0.969214 — 0.365745 1.400 + 0.238917 —0.961361 
0.400 + 0.959832 — 0.384879 1.425 +0.214815 —0.966712 
0.425 + 0.949970 — 0.404120 1.450 + 0.190586 —0.971497 
0.450 + 0.939625 — 0.423421 1.475 + 0.166245 —0.975714 
0.475 + 0.928798 —0.442736 | 1.500 + 0.141805 — 0.979358 
0.500 + 0.917489 —0.462027 || 1.750 — 0.104803 — 0.983738 
0.525 + 0.905698 —0.481259 || 2.000 — 0.345176 — 0.929592 
0.550 + 0,893427 —0,500401 | 
a = 0.06 
0 + 1.102086 —co 0.10 + 1.069533 — 0.249438 
0.01 + 1.096300 — 0.452297 0.11 + 1.067047 — 0.247903 
0.02 + 1.092230 — 0.372207 0.12 + 1.064572 — 0.247432 
0.03 + 1.088736 — 0.330049 0.13 + 1.062096 — 0.247852 
0.04 -+- 1.085578 — 0.303388 0.14 + 1.059612 — 0.249026 
0.05 + 1.082641 —0.285198 0.15 + 1.057113 — 0.250847 
0.06 + 1.079857 — 0.272354 0.16 + 1.054593 — 0.253229 
0.07 + 1.077181 — 0.263188 0.17 + 1.052047 — 0.256099 
0.08 + 1.074584 — 0.256706 9.18 + 1.049470 — 0.259399 
0.09 +1.072041 —0.252269 0.19 + 1.046858 — 0.263080 
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ARKIV FOR FySIK. Bd 3 nr 1 


(Table I, Cont.) 


+ 1.044207 
+1.037392 
+ 1.030274 
+ 1.022823 
+1.015011 
+ 1.006820 
+ 0.998231 
+0.989233 
+0.979815 
+ 0.969968 
+ 0.959686 
+ 0.948965 
+ 0.937800 
+ 0.926190 


+1.139873 
+ E.131915 
+ 1.126360 
+1.121636 
+ 1.117409 
+ 1.113523 
+1.109884 
+ 1.106431 
+ 1.103122 
+ 1.099923 
+1.096810 
+ 1.093764 
+ 1.090767 
+ 1.087807 
+ 1.084872 
+1.081953 
+1.079041 
+ 1.076129 
ae 1 O7B221 
+1.070281 
+- 1.067334 
+ 1.059865 
+ 1.052206 
+ 1.044311 


+ 1.179720 
+ 1.169448 
+ 1.162309 
+ 1.156270 
+ 1.150902 
+ 1.146001 
+ 1.143686 
+ 1.141446 
+ 1.139274 
+ 1.137160 
+ 1.133086 
+ 1.129183 


| 


— 0.267100 
— 0.278409 
—0.291183 
— 0.305106 
— 0.319940 
— 0.335502 
— 0.351650 
— 0.368266 
— 0.385255 
— 0.402535 
— 0.420039 
— 0.437705 
— 0.455487 
— 0.473327 


g= 


— C2) 
— 0.619720 
— 0.505760 
— 0.444074 
— 0.403735 
— 0.375062 
— 0.353747 
— 0.337496 
— 0.324940 
— 0.315196 
— 0.307663 
—0.301913 
— 0.297629 
— 0.294572 
— 0.292554 
— 0.291428 
— 0.291076 
—0.291399 
— 0.292317 
— 0.293763 
— 0.295679 
— 0.302224 
— 0.310822 
— 0.321042 


“g= 


—oo 
—0.798275 
— 0.648268 
—0.565839 
— 0.510996 
— 0.471224 
— 0.455125 
— 0.440954 
— 0.428400 
— 0.417221 
— 0.398256 
— 0.382921 


| 


1} 


+ 0.914134 
+ 0.901630 
+ 0.888682 
+ 0.875288 
+ 0.861453 
+0.847179 
+ 0.832469 
+ 0.801762 
+ 0.769372 
+ 0.735347 
+0.699744 
+ 0.662626 
+ 0.624060 


+ 1.036143 
+ 1.027674 
+ 1.018879 
+1.009738 
+ 1.000236 
t+ 0.990359 
+ 0.980096 
+0.969439 
+ 0.958380 
+0.946913 
+ 0.935036 
+0.922744 
+ 0.910036 
+ 0.896910 
+ 0.883368 
+ 0.869410 
+ 0.855037 
+0.825058 
+ 0.793457 
+ 0.760270 
+ 0.725540 
+ 0.689320 
+ 0.651667 


| 


i 


| 


+ 1.125418 
+ 1.121766 
+ 1.118207 
+ 1.114722 
ie Vet ATEN 
+1.107920 
+1.104580 
+ 1.101268 
+- 1.097975 
+ 1.094695 
+ 1.091420 
+ 1.083223 


/ 


v 


—0.491195 
— 0.509050 
—0.526857 
— 0.544587 
— 0.562210 
— 0.579699 
— 0.597030 
— 0.631126 
— 0.664325 
— 0.696474 
— 0.727434 
—0.757078 
— 0.785289 


— 0.332565 
— 0.345147 
— 0.358595 
— 0.372756 
—0,387503 
— 0.402731 
— 0.418352 
— 0.434289 
— 0.450476 
— 0.466855 
— 0.483376 
— 0.499992 
— 0.516662 
— 0.533348 
— 0.550016 
— 0.566634 
— 0.583173 
— 0.615906 
— 0.648016 
— 0.679327 
— 0.709682 
— 0.738937 
— 0.766963 


— 0.370439 
— 0.360257 
— 0.351966 
— 0.345257 
—0.339890 
— 0.335675 
— 0.332458 
— 0.330114 
— 0.328540 
— 0.327648 
— 0.327365 
— 0.328933 
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C.-E. FROBERG, Determination of proton-proton interaction 


(Table I, Cont.) 


0 v v 0 v v 
0.250 +1.074952 — 0.333170 0.575 + 0.944037 —0.492322 
0.275 + 1.066547 —0.339527 0.600 +0.931536 —0.507784 
0.300 +1.057961 — 0.347596 0.625 +0.918647 — 0.523359 
0.325 + 1.049155 — 0.357069 0.650 + 0.905357 —0.539005 
0.350 + 1.040098 — 0.367701 0.675 + 0.891696 — 0.554687 
0.375 + 1.030762 — 0.379298 0.700 + 0.877633 —0.570369 
0.400 -+- 1.021126 — 0.391704 0.750 + 0.848332 —0.601612 
0.425 + 1.011172 —0.404787 0.800 +0.817477 —0.632510 
0.450 + 1.000882 — 0.418437 0.850 +0.785091 — 0.662861 
0.475 +0.990246 — 0.432560 0.900 + 0.751203 —0.692490 
0.500 +0.979251 —0.447077 0.950 +0.715856 — 0.721238 
0.525 -+ 0.967889 —0.461916 1.000 + 0.679097 —0.748959 
0.550 + 0.956153 —0.477016 

a = 0.12 
0 + 1.221749 —oo 0.275 + 1.089578 — 0.360668 
0.01 + 1.209007 —0.988717 0.300 + 1.080510 —0.365134 
0.02 + 1.200178 — 0.800312 0.325 + 1.071307 — 0.371362 
0.03 + 1.192737 — 0.695831 0.350 += 1.061929 — 0.379056 
0.04 + 1.186150 — 0.625594 0.375 + 1.052344 —0.387979 
0.05 +1.180164 —0.574058 0.400 + 1.042522 — 0.397940 
0.055 + 1.177347 — 0.552988 0.425 + 1.032439 — 0.408782 
0.06 + 1.174630 — 0.534310 0.450 + 1.022076 — 0.420371 
0.065 + 1.172001 —0.517637 0.475 +1.011416 — 0.432596 
0.07 +1.169451 — 0.502668 0.500 + 1.000442 — 0.445360 
0.08 + 1.164557 — 0.476937 0.525 +0.989144 — 0.458581 
0.09 + 1.159897 — 0.455704 0.550 +0.977510 — 0.472186 
0.10 Tr Lelopaoll —0.438007 0.575 + 0.965532 — 0.486109 
0.11 Se bel ay 7) — 0.423158 0.600 +0.953202 — 0.500294 
0.12 + 1.146960 —0.410653 0.625 +0.940515 — 0.514689 
0.13 + 1.142908 —0.400108 0.650 + 0.927466 — 0.529247 
0.14 - 1438952 —0.391224 0.675 +0.914052 — 0.543926 
0.15 + 1.135079 — 0.383767 0.700 + 0.900269 —0.558687 
0.16 tae ileus —0.377546 0.750 +0.871595 — 0.588316 
Os L224 — 0.372407 0.800 +0.841439 —0.617877 
0.18 + 1.123822 —0.368222 0.850 + 0.809812 — 0.647147 
0.19 a> LL 20 Vor —0.364882 0.900 +0.776732 —0.675931 
0.20 + 1.116522 — 0.362298 0.950 + 0.742230 —0.704052 
0.225 + 1.107517 — 0.358662 1.000 + 0.706341 —Ovoloos 
0.250 + 1.098561 — 0.358344 
a= 0.16 

0 + 1.312860 169) | 0.10 + 1.219986 — 0.588554 
0.01 + 1.294671 —1.408530 | 0.11 + 1.214228 — 0.563603 
0.02 + 1.282117 —1.135526 || 0.12 + 1.208703 —0.541985 
0.03 Sleaze — 0.982594 0.13 + 1.203379 — 0.523154 
0.04 + 1.262306 —0.878617 0.14 + 1.198232 —0.506685 
0.05 + 1.253923 — 0.801354 0.15 + 1.193239 — 0.492242 
0.055 -+- 1.249997 — 0.769430 0.16 + 1.188381 —0:479557 
0.06 + 1.246223 —0.740918 0.17 + 1.183643 — 0.468408 
0.065 + 1.242584 —0.715266 | 0.18 + 1.179009 — 0.458614 
0.07 + 1.239066 — 0.692044 0.19 + 1.174466 — 0.450022 
0.08 + 1.232354 — 0.651597 0.20 +1.170005 —0.442503 
0.09 + 1.226013 —0.617559 0.225 + 1.159138 —0.427720 


ARKIV FOR FYSIK. Bd 3 nr 1 


(Table I, Cont.) 


+1.148579 
+ 1.138224 
+ 1.127985 
+ 1.117795 
+ 1.107595 
+1.097336 
+ 1.086977 
+ 1.076483 
+ 1.065822 
+ 1.054970 
+ 1.043902 
+ 1.032600 
+ 1.021046 


+ 1.414301 
+ 1.389905 
Geto olls 
+ 1.359061 
+ 1.346721 
+ 1.335608 
+ 1.330418 
+ 1.325437 
+ 1.320645 
+ 1.316022 
+ 1.307231 
+ 1.298963 
+ 1.291145 
+ 1.283715 
+ 1.276624 
+ 1.269831 
+ 1.263303 
+ 1.257009 
+ 1.250925 
+ 1.245029 
+ 1.239302 
+ 1.233727 
+ 1.228287 
+1.215201 
+ 1.202708 


+ 1.557506 
+ 1.524114 
+ 1.501195 
+ 1.482058 
+ 1.465293 
+ 1.450234 
+ 1.443216 
+ 1.436490 
+ 1.430028 
+ 1.423806 
+ 1.417803 
+ 1.412000 


v 0 
—0.417661 0.575 
—0.411371 0.600 
—0.408146 || 0.625 
—0.407456 0.650 
—0.408884 0.675 
—0,412105 0.700 
—0.416852 0.750 
— (0.422909 0.800 
—0.430095 0.850 
— 0.438258 0.900 
— 0.447267 0.950 
—0.457013 1.000 
—0.467398 

C= 10'20 

—oo 0.275 
— 1.886273 0.300 
—1.516866 || 0.325 
—1.308916 || 0.350 
—1.166742 || 0.375 
— 1.060434 | 0.400 
—1.016278 || 0.425 
—0.976699 0.450 
—0.940953 || 0.475 
—0.908465 | 0.500 
—0.851521 || 0.525 
—0,803156 || 0.550 
—0.761526 || 0.575 
—0.725317 0.600 
— 0.693562 | 0.625 
—0.665528 || 0.650 
—0.640648 0.675 
—0.618472 0.700 
—0.598639 || 0.750 
—0.580855 0.800 
—0.564876 || 0.850 
—0.550499 || 0.900 
—0.537552 ~|| 0.950 
—0.510530 | 1.000 
—0.489800 

% = 0.25 

—co |] 0.085 
—2.577392 || 0.090 
—2.067957 || 0.095 
—1.780387 || 0.100 
—1.583113 0.105 
— 1.435026 0.110 
— 1.373314 0.115 
=U Sven ie Ont20 
—1,267675 || 0.125 
—1,221936 || 0.130 
—1.180026 || (0.135 
—1.141443 || 0.140 


+ 1.009226 
+ 0.997126 
+0.984735 
+0.972044 
+ 0.959044 
+ 0.945730 
+ 0.918134 
+ 0.889223 
+ 0.858979 
+ 0.827397 
+ 0.794483 
+ 0.760253 


+ 1.190669 
+ 1.178970 
ai LVOTOLT 
+ 1.156234 
+ 1.145055 
+7 1.133925 
+ 1.122795 
+ 1.111624 
+ 1.100376 
+ 1.089020 
+ 1.077528 
+ 1.065876 
+ 1.054043 
+ 1.042009 
+ 1.029758 
+ 1.017276 
+ 1.004549 
+ 0.991567 
+ 0.964797 
+ 0.936903 
+ 0.907840 
+ 0.877576 
+ 0.846094 
+ 0.813388 


+ 1.406383 
+ 1.400938 
+ 1.395653 
+ 1.390516 
+ 1.885519 
+ 1.380652 
+ 1.375907 
Loe TT 
+ 1.366757 
+ 1.362338 
+ 1.358017 
+ 1.353787 


{ 


/ 


Vv 


— 0.478336 
— 0.489753 
—0.501581 
—0.513761 
— 0.526239 
—0.538965 
— 0.564986 
— 0.591507 
—0.618255 
— 0.644993 
— 0.671510 
—0.697620 


— 0.474091 
— 0.462472 
— 0.454237 
— 0.448840 
— 0.445850 
— 0.444919 
— 0.445764 
—0.448150 
—0.451880 
—0.456786 
— 0.462726 
— 0.469575 
— 0.477227 
—0.485585 
— 0.494567 
—0.504098 
—0.514109 
— 0.524541 
— 0.546453 
— 0.569448 
—0.593198 
—0.617422 
—0.641875 
— 0.666338 


—1.105772 
— 1.072675 
— 1.041865 
—1.013102 
—0.986181 
— 0.960925 
— 0.937183 
—0.914821 
— 0.893723 
— 0.873786 
— 0.854920 
— 0.837044 
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) 


EEE 


0 v v 0 v v 
0.150 + 1.845585 —0.803981 0.425 +1.184408 — 0.487632 
0.160 + 1.337697 —0.774102 0.450 + 1.172274 — 0.483412 
0.170 + 1.330094 —0.747007 0.475 + 1.160222 —0.481039 
0.180 + 1.322749 — 0.722363 0.500 + 1.148209 — 0.480292 
0.190 +1.315639 —0.699892 0.550 + 1.124149 — 0.482947 
0.200 + 1.308745 —0.679360 | 0.600 + 1.099838 —0.490161 
0.225 + 1.292332 —0.635276 0.650 + 1.075072 —0.501006 
0.250 + 1.276910 — 0.599712 0.700 + 1.049689 —0.514755 
0.275 =++ 1.262289 —0.570945 0.750 + 1.023558 — 0.530822 
0.300 + 1.248317 —0.547712 0.800 + 0.996576 — 0.548728 
0.325 + 1.234866 —0.529058 0.850 + 0.968662 —0.568071 
0.350 22882 —0.514249 0.900 +0.939751 — 0.588508 
0.375 ~ + 1.209126 —0.502704 0.950 + 0.909798 — 0.609745 
0.400 + 1.196673 —0.493958 1.000 + 0.878768 — 0.631523 

e053: 
0 +1.721481 —COo 0.24 + 1.366822 —0.753576 
0.01 + 1.677482 —3.390212 0.25 + 1.359387 — 0.733820 
0.02 + 1.647363 — 2.666471 0.26 + 1.352141 —0.715473 
0.03 + 1.622260 — 2.333460 0.27 + 1.345073 — 0.698420 
0.04 + 1.600305 — 2.071395 0.28 + 1.338169 — 0.682561 
0.05 + 1.580618 — 1.874330 0.29 + 1.331418 — 0.667805 
0.055 + 1.571456 — 1.792080 0.30 + 1.324809 —0.654071 
0.06 + 1.562683 —1.718102 0.325 + 1.308848 — 0.623746 
0.065 + 1.554263 — 1.651046 0.350 + 1.293580 —0.598415 
0.07 + 1.546163 — 1.589866 0.375 + 1.278892 —0.577324 
0.075 + 1.538356 — 1.533734 0.400 + 1.264684 — 0.559869 
0.08 + 1.530818 —1.481982 0.425 + 1.250872 — 0.545559 
0.085 + 1.523530 — 1.434066 0.450 + lL. 2alooe — 0.533993 
0.09 + 1.516472 —1.389537 0.475 = 1 224153 — 0.524834 
0.095 + 1.509629 — 1.348018 0.500 + 1.211124 —0:517799 
0.10 + 1.502987 —1.309191 0.525 + 1.198247 — 0.512649 
0.11 + 1.490256 — 1.238568 0.550 + 1.185477 —O0:509177 
0.12 + 1.478189 —1.175921 0.575 +1.172776 —0.507205 
0.13 + 1.466715 —1.119929 0.600 + 1.160106 — 0.506579 
0.14 + 1.455772 — 1.069566 0.625 + 1.147436 —0.507163 
0.15 + 1.445308 — 1.024024 0.650 Sid gl ks zsh) — 0.508837 
0.16 + 1.435278 — 0.982653 0.675 +1.121986 —0.511494 
0.17 + 1.425643 —0.944924 0.700 + 1.109156 — 0.515040 
0.18 + 1.416369 —0.910400 0.750 + 1.083181 — 0.524466 
0.19 + 1.407425 —0.878715 0.800 + 1.056666 — 0.536526 
0.20 + 1.398786 — 0.849564 0.850 + 1.029492 — 0.550734 
0.21 + 1.390426 — 0.822684 0.900 + 1.001564 — 0.566680 
0.22 = 15382326 —0.797850 0.950 + 0.972802 — 0.584011 
0.23 + 1.374463 — 0.774870 1.000 + 0,943145 — 0.602425 
a= 0.4 
0 4.9.124652 188 0.06 + 1.869347 —2.734350 
0.01 + 2.053360 — 5.471696 0.065 + 1.855954 — 2.624387 
0.02 -+ 2.004840 — 4.365763 0.07 + 1.843087 — 2.523980 
0.03 + 1.964531 — 3.741555 0.075 + 1.830701 —2ASWiTT 
0,04 + 1.929373 —3.312827 0.08 +1.818757 — 2.346686 
0.05 -+ 1.897925 —2.990289 0.085 + 1.807224 — 2.267820 
0.055 -+- 1.883316 — 2.855581 0.09 + 1.796070 — 2.194444 
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Q v v OQ v v 
0.095 + 1.785271 —2.125943 0.325 + 1.480967 —0.881059 
0.10 +1.774803 —2.061799 0.350 + 1.459586 — 0.830645 
0.11 + 1.754782 — 1.944879 0.375 + 1.439380 — 0.786875 
0.12 + 1.735863 — 1.840837 0.400 +1.420195 — 0.748795 
0.13 + 1.717929 — 1.747523 0.425 +1.401899 — 0.715633 
0.14 + 1.700882 — 1.663269 0.450 + 1.384378 — 0.686755 
0.15 + 1.684638 — 1.586764 0.475 + 1.367530 — 0.661637 
0.16 + 1.669125 —1.516952 0.500 + 1.351268 — 0.639837 
0.17 + 1.654280 — 1.452976 0.525 + 1.335514 — 0.620984 
0.18 + 1.640048 —1.394126 | 0.550 +1.320197 — 0.604761 
0.19 + 1.626382 — 1.339815 0.575 + 1.305256 — 0.590896 
0.20 + 1.613238 — 1.289548 0.600 + 1.290635 —0.579151 
0.21 + 1.600579 —1.242890 | 0.625 + 1.276283 — 0.569321 
0.22 +1.588370 —1.199494 || 0.650 + 1.262154 — 0.561226 
0.23 + 1.576579 — 1.159044 | 0.675 + 1.248208 —0.554708 
0.24 + 1.565180 —1.121267 0.700 + 1.234407 — 0.549625 
0.25 + 1.554146 —1.085928 | 0.750 + 1.207104 — 0.543275 
0.26 + 1.543454 —1.052820 | 0.800 + 1.180006 — 0.541321 
0.27 + 1.533083 —1.021758 0.850 +- 1.152911 — 0.548065 
0.28 + 1.523013 — 0.992581 0.900 + 1.125648 — 0.547927 
0.29 + 1.513225 —0.965143 | 0.950 + 1.098074 — 0.555423 
0.30 + 1.503704 —J9393 16) | 1.000 -+- 1.070068 —0.565137 

a = 0.5 
0 + 2.654732 —co | 0.102 + 2.118242 — 3.047130 
0.01 + 2.545373 —8.245180 | 0.104 + 2.112185 —3.010287 
0.02 + 2.471438 —6.639616 | 0.106 + 2.106200 — 2.974329 
0.03 + 2.410225 —5.673831 || 0.108 + 2.100287 — 2.939221 
0.04 + 2.356974 —5.011734 | 0.110 + 2.094443 — 2.904931 
0.05 + 2.309448 — 4.514316 0.112 + 2.088666 — 2.871427 
0.052 + 2.300506 — 4.428523 | 0.114 + 2.082957 — 2.838681 
0.054 + 2.291732 —4,.346458 || 0.116 +2.077311 — 2.806664 
0.056 + 2.283118 —4.267844 || 0.118 + 2.071729 — 2.775350 
0.058 + 2.274658 —4,192432 | 0.120 +2.066209 —2.744715 
0.060 + 2.266346 — 4.119999 0.13 + 2.039494 — 2.600922 
0.062 +2.258177 — 4.050344 0.14 + 2.014145 — 2.470982 
0.064 + 2.250143 — 3.983286 0.15 + 1.990035 — 2.352869 
0.066 + 2.242242 =o OleGOo = all 0.16 + 1.967053 — 2.244959 
0.068 + 2.234467 —3.856314 || 0.17 + 1.945106 — 2.145931 
0.070 + 2.226815 —3.796114 | 0.18 + 1.924109 — 2.054695 
0.072 + 2.219281 —3.137935 || 0:19 + 1.903989 — 1.970347 
0.074 + 2.211862 — 3.681661 0.20 + 1.884682 — 1.892122 
0.076 +2.204553 —3.627188 | 0.21 + 1.866128 — 1.819373 
0.078 + 2.197352 — 3.574419 } 0.22 + 1.848278 —1.751547 
0.080 + 2.190254 —3.523264 | 0.23 + 1.831083 — 1.688166 
0.082 + 2.183258 — 3.473641 0.24 +1.814501 — 1.628815 
0.084 + 2.176359 —3.425472 || 0.25 + 1.798494 — 1.573135 
0.086 + 2.169555 — 3.378687 | 0.26 + 1.788027 — 1.520807 
0.088 + 2.162843 —3.333220 || 0.27 -- 1.768068 — 1.471552 
0.090 + 2.156221 —3.289008 || 0.28 + 1.753587 — 1.425122 
0.092 + 2.149686 —3.245994 || 0.29 + 1.739557 —1.381298 
0.094 + 2.143236 —3.204125 || 0.30 + 1.725953 —1.339882 
0.096 + 2.136869 — 3.163349 0.325 + 1.693659 — 1.245763 
0.098 +2.130582 —3.123621 | 0.350 + 1.663567 —1.163325 
0.100 + 2.124374 — 3.084895 | 0.375 + 1.635410 — 1.090754 


# 
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ee 


, 7, 

Q ) v 0 v v 
0.400 + 1.608959 — 1.026612 0.650 + 1.405332 — 0.669403 
0.425 +1.584019 — (0.969734 0.675 + 1.388824 —0.651602 
0.450 + 1.560420 — 0.919171 0.700 +1.372734 — 0.635904 
0.475 + 1.538015 — 0.874137 0.750 + 1.341613 —0.610118 
0.500 -+- 1.516673 — 0.833975 0.800 +1.311614 — 0.590821 
0.525 + 1.496280 — 0.798134 0.850 + 1.282439 —0.577032 
0.550 + 1.476734 — (0.766142 0.900 + 1.253833 — 0.567947 
0.575 + 1.457944 — 0.737598 0.950 = 1.225577 — 0.562898 
0.600 + 1.439828 — 0.712154 1.000 + 1.197485 — 0.561325 
0.625 + 1.422313 — 0.689510 

= 046 
0 + 3.352706 —co 0.126 + 2.467076 — 3.833850 
0.01 + 3.190209 —12.352005 0.128 + 2.459450 — 3.792226 
0.02 + 3.081161 — 9.771698 0.130 + 2.451906 — 3.751449 
0.03 aie ee Al Ly — 8.323873 0.132 + 2.444443 —3.711492 
0.04 + 2.913194 oo LO 0.134 + 2.437060 — 3.672329 
0.05 + 2.843724 — 6.591696 0.136 + 2.429754 — 3.633934 
0.052 + 2.830670 — 6.463837 0.138 + 2.422524 — 3.596284 
0.054 + 2.817865 — 6.341578 0.140 +2.415368 —3.559355 
0.056 + 2.805300 — 6.224500 0.142 + 2.408286 —3.523126 
0.058 + 2.792964 Galea ou7 | 0.144 + 2.401275 —3.487575 
0.060 + 2.780848 — 6.004424 || 0.146 + 2.394335 — 3.452682 
0.062 + 2.768944 — §.900787 | 0.148 + 2.387464 —3.418428 
0.064 + 2.757242 — 5.801043 | 0.150 + 2.380661 — 3.384794 
0.066 + 2.745737 — 5.704944 0.16 = 2.347622 — 3.225337 
0.068 +- 2.734420 — §.612265 Oni + 2-316011 —3.079010 
0.070 Se Pay hohe) —= §.622799 0.18 + 2.286004 — 2.944187 
0.072 + 2.712327 — 5.436358 0.19 + 2.2057 193 — 2.819518 
0.074 + 2.701538 oO .oOe Tine 0.20 + 2.229583 — 2.703865 
0.076 + 2.690914 =) ier7lesrh®) 0.21 + 2.203089 — 27596263 
0.078 + 27680449 — ial eioain O22, + 2.177634 — 2.495891 
0.080 + 2.670139 =H LUTGOR 0.23 + 2.153150 — 2.402036 
0.082 + 2.659977 — 5.043968 0.24 + 2.129574 — 2.314086 
0.084 + 2.649961 — 4.972504 0.25 + 2.106850 —= 2. 231504. 
0.086 + 2.640086 — 4.903107 0.26 + 2.084927 —=2. 153819 
0.088 + 2.630348 — 4.835679 | 0.27 + 2.063758 — 2.080618 
0.090 + 2.620742 — 4.770125 || 0.28 + 2.043301 —2.011534. 
0.092 + 2.611266 — 4.706361 0.29 a 2.023015 — 1.946241 
0.094 + 2.601916 — 4.644304 0.300 + 2.004364 — 1.884449 
0.096 + 2.592688 — 4.583880 0.325 + 1.959052 — 1.743638 
0.098 + 2.583579 — 4.525018 0.350 + 1.917042 — 1.619733 
0.100 + 2.574587 — 4.467650 0.375 + 1.877946 — 1.510069 
0.102 + 2.565707 — 4.411716 | 0.400 + 1.841437 — 1.412530 
0.104 + 2.556939 — 4.857105 | 0.425 == 1) SOV2a3 oe Wa pT: Bl LE) 
0.106 + 2.548278 — 4.303913 | 0.450 + 1.775091 — 1.247335 
0.108 +2, 009722 — 4,2519388 0.475 + 1.744801 Aaa: 
0.110 + 2.531270 — 4.201180 0.500 + 1.716176 —1.113889 
0.112 nO led — 4157592 0.525 + 1.689055 — 1.056767 
0.114 + 2.514663 — 4 LO8T32 0.550 -+ 1.663293 — 1.005098 
0.116 + 2.506504 — A 0b577 0.575 ++ 1.638760 — 0.958302 
0.118 + 2.498439 — 4.009428 0.600 + 1.615341 — 0.915881 
0.120 + 2.490465 — 3.964107 0.625 + 1.592933 —(O)877401 
0.122 + 2.482582 — 3.919760 0.650 + 1.571441 —0.842489 
0.124 + 2.474786 — 3.876361 0.675 + 1.550781 —0.810815 
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0.03 

0.04 

0.05 

0.052 
0.054 
0.056 
0.058 
0.060 
0.062 
0.064 
0.066 
0.068 
0.070 
0.072 
0.074 
0.076 
0.078 
0.080 
0.082 
0.084 
0.086 
0.088 
0.090 
0.092 
0.094 
0.096 
0.098 
0.100 
0.102 
0.104 
0.106 
0.108 
0.110 
0.112 
0.114 
0.116 
0.118 
0.120 
0.122 
0.124 
0.126 
0.128 
0.130 
0.132 


v 


+ 1.530876 
+ 1.493052 
+ 1.457475 
+ 1.423724 


+ 4.273043 
+ 4.036358 
+ 3.878794 
+ 3.749365 
+ 3.637437 
+3.538032 
+3.519377 
+ 3.501088 
+3.483148 
+ 3.465542 
+ 3.448257 
+ 3.431280 
+ 3.414600 
+3.398205 
+ 3.382084 
+ 3.366229 
+ 3.350629 
= Ba ar Hl 
+ 3.320163 
+3.305282 
+3.290624 
+ 3.276183 
+ 3.261954 
+3.247928 
+ 3.234101 
+ 3.220467 
+ 3.207021 
+3.193757 
+ 3.180670 
+ 3.167756 
+ 3.155011 
+ 3.142430 
+ 3.130008 
+ 3-117743 
+ 3.105630 
-+ 3.093666 
+ 3.081846 
+ 3.070169 
+ 3.058630 
+ 3.047226 
+ 3.035955 
+ 3.024814 
+ 3.013799 
+ 3.002908 
+ 2.992139 
+ 2.981489 
+ 2.970955 


— 0.782091 
— 0.732500 
= 0.691999 
—= 0.659217 


—oo 
—17.892774 
—14.086104 
—11.957683 
— 10.506476 
— 9.421237 
— 9.234535 
— 9.056086 
— 8.885268 
— 8.721529 
— 8.564370 
— 8.413343 
— 8.268044 
SOLAS LOT 
—= 7.993198 
— 7.863014 
= iat 2t 
== TAoilssfen 
— 7.498143 
— 7.384299 
— 1213999 
— 7.167059 
=a 1.0635 L0) 
— 6.962593 
— 6.864761 
— 6:169679 
OO mala 
— 6.587258 
— 6.499690 
— 6.414408 
— 6.331315 
— 6.250318 
Slo 7/3 
— 6.094273 
— 6.019066 
— 5.945639 
— 5.873923 
— 5.803853 
— 5.735368 
— 5.668411 
— 5.602925 
— 5.538860 
— 5.476165 
— 5.414793 
— 5.354700 


0.19 


Se Looe. 
ip ty ts wy ly 


OF WWE © 


0.26 

0.27 

0.28 

0.29 

0.30 

0.325 
0.350 
0.375 
0.400 
0.425 
0.450 
0.475 
0.500 
0.525 
0.550 
0.575 
0.600 
0.625 
0.650 
0.675 
0.700 
0.750 
0.800 
0.850 
0.900 
0.950 
1.000 


+ 1.391443 
+ 1.360325 
+ 1.330105 


+ 2.960535 
+ 2.950227 
+ 2.940029 
++ 2.929939 
+ 2.919954 
+ 2.910072 
+ 2.900292 
+ 2.890612 
+ 2.881029 
+ 2.834523 
+ 2.790216 
+ 2.747929 
+ 2.707506 
+ 2.668809 
+ 2.631715 
+ 2.596112 
+ 2.561903 
+ 2.528997 
+ 2.497315 
+ 2.466782 
+ 2.437331 
+ 2.408901 
+ 2.381434 
+ 2.354879 
+ 2.292175 
+ 2.234218 
+ 2.180458 
+ 2.130428 
+ 2.083732 
+ 2.040027 
+ 1.999017 
+ 1.960442 
+ 1.924075 
+ 1.889714 
+ 1.857180 
+ 1.826313 
+ 1.796969 
- 1.769018 
+ 1.742344 
+ 1.716841 
+ 1.668967 
+ 1.624718 
+ 1.583523 
+ 1.544895 
+ 1.508417 
+ 1.473729 


| 


J 


, 
v 


— 0.633041 
— 0.612560 
—0.597013 


— 5.181672 
—§.126285 
— 5.071982 
— 5.018729 
— 4.966494 
—4.915246 
— 4.864955 
— 4.815593 
— 4.767134 
— 4.537493 
— 4.326912 
— 4.133012 
— 3.953813 
— 3.787652 
—=3-Od0lz0 
—3.489021 
— 3.354311 
— 3.228096 
— 3.109598 
— 2.998130 
— 2.893091 
— 2.793949 
— 2.700231 
— 2.611513 
— 2.409217 
— 2.230980 
— 2.072950 
=1.932079 
— 1.805914 
— 1.692462 
— 1.590081 
— 1.497406 
— 1.413292 
— 1.336769 
— 1.267014 
— 1.203318 
—1.145071 
—1.091742 
— 1.042868 
— 0.998045 
— 0.919161 
— 0.852694 
— 0.796742 
— 0.749772 
—0.710538 
— 0.678009 
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0 
0.01 
0.02 
0.03 
0.04 
0.050 
0.052 
0.054 
0.056 
0.058 
0.060 
0.062 
0.064 
0.066 
0.068 
0.070 
0.072 
0.074 
0.076 
0.078 
0.080 
0.082 
0.084 
0.086 
0.088 
0.090 
0.092 
0.094 
0.096 
0.098 
0.100 
0.102 
0.104 
0.106 
0.108 
0.110 
0.112 
0.114 
0.116 
0.118 
0.120 
0.122 
0.124 
0.126 
0.128 
0.130 
0.132 


+5.488285 
+ 5.148074 
+ 4.923479 
+ 4.739790 
+ 4.581461 
+ 4.441227 
+4.414949 
+ 4.389197 
+ 4.363949 
+ 4.339181 
+4.314875 


~ +4.291012 


+ 4.267575 
+ 4.244547 
+ 4.221915 
-r 4.199663 
+4.177778 
+ 4.156248 
+ 4.135060 
+4.114205 
+ 4.093670 
+ 4.073447 
+ 4.053526 
+ 4.033890 
+4.014552 
+ 3.995483 
+3.976683 
+3.958143 
+ 3.939857 
+3.921817 
+3.904018 
+3.886454 
+3.869118 
+ 3.852004 
+3.835107 
+ 3.818423 
+ 3.801945 
+3.785670 
+ 3.769592 
+ 3.753706 
+ 3.738010 
+3.722498 
+ 3.707166 
+ 3.692011 
+ 3.677028 
+ 3.662215 
+ 3.647567 


! 


| 


1 


+ 7.095223 
-- 6.610649 
+ 6.293481 
+ 6.035243 
- 5.813417 


l 


—0oO 
—25.572431 
— 20.028614 
—16.940050 
—14.840451 
—13.274404 
—13.005381 
—12.748365 
—12.502451 
— 12.266829 
—12.040772 
—11.823629 
—11.614807 
—11.413772 
—11.220038 
—11.033162 
—10.852737 
— 10.678395 
—10.509795 
— 10.346620 
— 10.188583 
—10.085415 
— 9.886869 
— 9.742716 
— 9.602738 
— 9.466743 
— 9.334538 
— 9.205955 
— 9.080829 
— 8.959007 
— 8.840350 
—= 8.724723 
— 8.612000 
— 8.502063 
— 8.394798 
— 8.290104 
SS LSS? 
— 8.088026 
— 7.990461 
— 7.895100 
— 7.801860 
— 7.710666 
— 7.621448 
— 7.534135 
— 7.448664 
— 1.364972 
— 7.283000 


—oo 
—36.211607 
— 28.211485 
—23.770438 
— 20.760417 


“a=0.8 

0.134 
0.136 
0.138 
0.140 
0.142 
0.144 
0.146 
0.148 
0.150 
| 0.160 
0.170 
| _ 0.180 
| 0.190 
0.200 
0.210 
0.220 
0.230 
0.240 
0.250 
0.260 
0.270 
0.280 
0.290 
0.300 
0.325 
0.350 
0.375 
0.400 
0.425 
0.450 
0.475 
0.500 
| 0.525 
|| 0.550 
| 0.575 
0.600 
0.625 
0.650 
0.675 
0.700 
|| 0.750 
| 0.800 
0.850 
0.900 
0.950 
1.000 


o= O19 

0.05 
0.052 
0.054 
0.056 
0.058 


+ 3.633081 
+ 3.618755 
+ 3.604585 
+ 3.590567 
+3.576699 
+3.562978 
+3.549401 
+ 3.535965 
+ 3.522668 
+ 3.458179 
+ 3.396804 
+ 3.338290 
+ 3.282412 
+3.228971 


| 


+ 2.950845 
+ 2.910431 
+ 2.871451 
+ 2.833826 
+ 2.797481 
+ 2.711788 
+ 2.632756 
+ 2.559612 
+ 2.491701 
+ 2.428469 
+ 2.369438 
+ 2.314197 
+ 2.262385 
+ 2.213686 
+ 2.167823 
+ 2.124549 
+ 2.083643 
+ 2.044910 
+ 2.008173 
+ 1.973270 
+ 1.940059 
+ 1.878198 
+ 1.821670 
+ 1.769706 
+ 1.721653 
+ 1.676955 
+ 1.635130 


+5.617500 
+5.580844 
+ 5.544940 
+ 5.509752 
+ 5.475252 


4 


v 


— 7.202691 
— 7.123994 
— 7.046856 
— G0 70228 
— 6.897062 
— 6.824316 
— 6.752946 
— 6.682910 
— 6.614170 
— 6.288637 
— 5.990439 
— 5.716134 
— 5.462861 
— 5.228221 
—= *). OL OL SIL 
— 4.807007 
— 4.617208 
— 4.439494 
— 4.272741 
— 4.115967 
— 3.968307 
— 3.828996 
— 3.697357 
— 3.572784 
— 3.288857 
— 3.038795 
— 2.817103 
— 2.619436 
— 2.442307 
— 2.282885 
— 2.138842 
— 2.008248 
— 1.889486 
Smet arto IAL 
— 1.682201 
— 1.591522 
— 1.508299 
LAS 89 
— 1.361347 
— 1.296407 
= T.Surog 
— 1.082567 
—- 0.998162 
— 0.925789 
— 0.863744 
— 0.810628 


—18.521178 
—18.137086 
—17.770308 
—17.419527 
—17.083578 
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> 


+5.441410 
+5.408198 
+5.375594 
+ 5.343573 
+5.312113 
+5.281194 
+5.250797 
+5.220905 
+5.191501 
+ 5.162566 
+5.134089 
+5.106052 
+ 5.078444 
+5.051250 
+ 5.024460 
+ 4.998061 
+ 4.972041 
+ 4.946391 
+ 4.921099 
+ 4.896157 
+ 4.871556 
+ 4.847285 
+ 4.823337 
+ 4.799704 
+4.776378 
+ 4.753352 
+ 4.730618 
+ 4.708168 
+4.685997 
+ 4.664098 
+ 4.642465 
-+ 4.621092 
+ 4.599974 
+ 4.579104 
+ 4.558477 
+ 4.538090 
+ 4.517934 
+ 4.498008 
+ 4.478305 
+ 4.458821 
+ 4.439552 
+ 4.420495 


+ 9.223177 
+ 8.537488 
+ 8.092535 
+ 7.731907 
+ 7.423209 
+ 7.151359 
+ 7.100576 
+ 7.050860 
+ 7.002160 
+ 6.954432 
+ 6.907637 


| 


—16.761411 
—16.452077 
—16.154726 
—15.868581 
—15.592941 
—15.327167 
—15.070671 
—14.822918 
— 14.583416 
—14.351713 
— 14.127388 
—13.910058 
—13.699361 
—13.494968 
—13.296571 
—13.103881 
—12.916632 
—12.734573 
—12.557470 
—12.385104 
—12.217270 
—12.053776 
—11.894440 
—11.739091 
—11.587570 
—11.439723 
—11.295408 
—11.154490 
—11.016841 
— 10.882339 
—10.750871 
— 10.622326 
—10.496601 
—10.373598 
—10.253223 
—10.135388 
— 10.020008 
— 9.907001 
— 9.796291 
— 9.687804 
— 9.581470 
ee Oiae lL 


—oo 
—50.941125 
—39.474702 
—83.131908 
— 28.845587 
—25.665138 
— 25.120414 
— 24.600480 
— 24.103453 
— 23.627651 
— 23.171563 


0.144 
0.146 
0.148 
0.150 
0.160 
0.170 
0.180 
0.190 
0.200 
0.210 
0.220 
0.230 
0.240 
0.250 
| 0.260 
0.270 
| 0.280 
| 0.290 
| 0.300 
0.325 
0.350 
0.375 
0.400 
| 0.425 
| 0.450 
0.475 
| 0.500 
0.525 
0.550 
0.575 
0.600 
0.625 
|| 0.650 
| 0.675 
0.700 
0.750 
0.800 
0.850 
0.900 
0.950 
1.000 


0.062 
0.064 
0.066 
0.068 
0.070 
0.072 
0.074 
0.076 
0.078 
0.080 
0.082 


+ 4.401643 
+ 4.382993 
+ 4.364542 
+ 4.346287 
+ 4.257807 
+4.173696 
+ 4.093590 
+4.017171 
+ 3.944160 
+ 3.874306 
+3.807387 
+ 3.743205 
+3.681579 
+ 3.622347 
+3.565362 
+ 3.510490 
+ 3.457608 
+ 3.406604 
+3.357374 
+ 3.241457 
+ 3.134751 
= 3.036177 
+ 2.944825 
+ 2.859924 


+ 2.572883 
+ 2.511916 
+ 2.454521 
+ 2.400397 
+ 2.349275 
+ 2.300917 
+ 2.255103 
+ 2.211641 
+ 2.131076 
+ 2.057986 
+ 1.991341 
+ 1.930270 
+ 1.874034 
+ 1.821997 


+ 6.861733 
+ 6.816689 
+ 6.772470 
+ 6.729044 
+ 6.686384 
+ 6.644462 
-++ §.603250 
+ 6.562727 
+ 6.522868 
+ 6.483652 
+ 6.445059 


{ 


, 
v 


— 9.374993 
— 9.274725 
= Wh lhrMors tare) 
= 9.079836 
— 8.623075 
— 8.205179 
— 1.821216 
— 7.467088 
— isos ou 
— 6.835131 
— 6.0 LOlS 
— 6.287593 
— 6.040318 
— 5.808491 
= 5.590710 
— 5.385747 
— 5.192514 
— 5.010047 
— 4.837487 
— 4.444589 
— 4.099007 
— 3.792961 
— 3.520314 
— 3.276149 
— 3.056481 
— 2.858040 
— 2.678114 
— 2.514441 
— 2.365108 
— 2.228498 
— 2.103222 
— 1.988089 
— 1.882070 
— 1.784268 
— 1693901 
— 1.532806 
— 1.394205 
— 1.274491 
See L Oe a 
— 1.080768 
— 1.002539 


—22.733834 
—929.313237 
—21.908662 
—21.519101 
—21.143634 
—20.781419 
—20.431693 
—20.093744. 
—19.766922 
—19.450631 
—19.144314 
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0 v v 0 v v 
0.084 + 6.407068 —18.847461 0.180 +5.060945 —10.619357 
0.086 + 6.369663 —18.559594 0.190 + 4.957242 —10.127782 
0.088 + 6.332825 —18.280271 0.200 + 4.858265 — 9.673380 
0.090 + 6.296536 —18.009081 0.210 + 4.763664 — 9.252028 
0.092 + 6.260783 —17.745643 0.220 + 4.673126 — 8.860207 
0.094 + 6.225549 — 17.489594 0.230 + 4.586371 — 8.494900 
0.096 + 6.190820 —17.240603 0.240 + 4.503148 — 8.153496 
0.098 + 6.156582 —16.998356 | 0.250 + 4.423229 — 7.833732 
0.100 + 6.122822 —16.762557 || 0.260 +4.346408 — 7.533626 
0.102 + 6.089527 —16.532931 || 0.270 + 4.272497 — 7.251438 
0.104 + 6.056686 —16.309221 | 0.280 + 4.201324 — 6.985632 
0.106 + 6.024286 —16.091180 | 0.290 + 4.132734 — 6.734847 
0.108 +5.992317 —15.878578 0.300 + 4.066581 — 6.497873 
0.110 +5.960769 —15.671202 0.325 + 3.911020 — 5.959030 
0.112 +5.929629 —15.468844 || 0.350 + 3.768083 — 5.485927 
0.114 +5.898890 —15.271314 || 0.375 + 3.636268 — 5.067628 
0.116 + 5.868541 —15.078424 0.400 +3.514317 — 4.695518 
0.118 +5.838573 —14.890003 0.425 + 3.401165 — 4.362710 
0.120 +5.808977 —14.705889 0.450 + 3.295900 — 4.063628 
0.122 +5.779747 —14.525924 0.475 +3.197741 — 3.793705 
0.124 +5.750872 —14.349960 0.500 + 3.106004 — 3.549160 
0.126 + 5.722344 —14.177858 0.525 + 3.020097 — 3.326843 
0.128 + 5.694158 —14.009483 0.550 + 2.939499 — 3.124097 
0.130 + 5.666304 —13.844708 0.575 + 2.863749 — 2.938673 
0.132 + 5.638777 —13.683414 0.600 + 2.792437 — 2.768650 
0.134 + 5.611568 —13.525481 0.625 + 2.725202 — 2.612379 
0.136 +5.584673 —13.370804 0.650 + 2.661716 — 2.468437 
0.138 +5.558084 —13.219275 0.675 + 2.601687 — 2.335586 
0.140 +5.531794 —13.070797 0.700 +2.544853 — 2.212750 
0.142 +5.505798 —12.925270 0.750 + 2.439835 — 1.993456 
0.144 +5.480091 —12.782604 || 0.800 + 2.345006 — 1.804267 
0.146 +-5.454666 —12.642712 0.850 + 2.258989 — 1.640248 
0.148 + 5.429518 —12.505509 0.900 + 2.180628 — 1.497472 
0.150 +5.404642 —12.370915 0.950 +2.108941 — 1.372782 
0.160 + 5.284163 —11.734499 || 1.000 + 2.043097 — 1.263600 
0.170 +5.169769 —11.152986 


7. Computation of the kernel y (a, 2) 


From now on we restrict the variables « and @ by introducing the condition 
2a0=A with A= xr and x = Me®/h® (cf. eq. (15417). The physically inter- 
esting values of A lie in the range 0.02—0.1 and according to this we choose 
A=n-0.012; n = 1,2, .,.10. 

The function p(«, 4) has been computed from [25] and table I; for small 
values of @ checking has been performed using the formula of Yost, WHEELER 
and Brett ((28], p. 53; [31], [82] and [33]). This formula can be written: 


T 


hi 


AAT 


~sino| 5. + Bip — Be +- | 
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feet a 1 re) | oe 

we. bogey 2y 1 RP. ee! 

1 7 | tog “@ Y ee ER w+ 2a ie 
{ 1 - Mare : 4 ‘ | 
i ie 107 4,0°=""- — sin 0[A,e Azo | 

eon ry 

y= ] 3} a , 

. "log? o+2y ese haere, We 

| e2te __] pone] 


ee eos o[— By + Bo? = By o* +---] — 


Here the coefficients A; and B; are polynomials in A: 


A a 7 ae ae | anne | anni et 
As =; 4+ es , aie , mat oo 

As =3 aS en a, a ieee 

aa 6 ae y At a 

As = 356 . ei it 

a ay ; ee 

coe 

his aed VED PRE TE 
ve iit We 3 pee | mie — 
Pama tpg! . fae Sian 

Beat ia? en? 
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89. e271 


He 189 VON 
97 451 

Bs 759 * 3876" 
27 

Bs 350 


The double-polynomials within brackets have also been computed on the BARK. 
For not too large values of 2 and @ 5-6 digits accuracy was easily obtained. 

At last we also want to examine the behaviour of g(a, A) for small and 
for large values of «. In [11] it was proved that for / = 0: 


lim (u’v + wv’) = 1 
00 


under the supposition that « has a fixed value. This does not imply, however, 
that limq@(a«, A) should also be unity since « and o are not independent of 


each other. For the computation we need the series expansion of wu and w’: 


Oa 


aoe ee (23) 
2 , 
wa |7 — a+ Bet) | 
Cao e 
with 
k (k + 1) Pea — 208% + Bri = 0) (24) 
Be-1 = kBe. ‘ 
From (21) and (23) we obtain after some calculations: 
2 2G a ee 
lim y (a, 4)=14- 4yA+ (6y—4) 22 + Se 
es 6 108 
5 35 ieee 
iso aale eM Me ete | 
og [22+ 3A + a4 + H+ | 
On the other hand for small values of « we have 
A A 
p (a, A)o+0 ~ COS ae 2 a log + 2arg (ae + 0) ; (26) 
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9. Determination of the first approximation V (r) 


With the aid of Table Il and the experimentally known function sin 6 («) 
it is possible, at least in principle, to determine the first approximation of the 
potential using equation [16]. As can be expected there are some serious dif- 
ficulties to be overcome. First: we know very little about the 4S phase shift 
for energies beyond 30 MeV, although experiments have been performed even 
for energies as high as 345 MeV. Second: the factor «* in the integrand is apt 
to cause trouble at the numerical integration. At first we will procceed as 
follows. For «>0.02 (corresponding to ¢«< 30 MeV) we will integrate nu- 
merically straight forward. For small values of « we know theoretically that 
sin 6 tends to zero (cf. [20]). In order to secure convergence we must cleim 


sn d~alt?, p>O0O, 
and the principle of least computation suggests 


sind = ca? (ie. ~ e—1)- for « < 0.02. 


: : A 
As previously mentioned (a, A) ~ cos © for small valueus of « and thus we 


have to tabulate 


oe) 


Cc: [SE cos2 = 0 f SF ae= —c- 01 (4) 
. a a x Xp 
0 


Ale 


for % = 0.02 and for different values of A. 
As a matter of fact we can even use the better approximation 


A A 
y (a, i) ~ 00s (4 2 aoa ® 7 ere 2 (tee ia)): 
: A : 
Subtracting cos — we obtain: 
o 


y (a, A) — pee ine - sin (22 log A = 2 erg T(t iz) 
x x o 


and using 
arg (1 + 4a) = —yast 2) 43 oO) 8 + ve 
we get: 
y (a, i) — cos ~2a(y + lor *) sin — (27) 


Hence we have the correction term 


30 


ARKIV FOR FysIK. Bd 3 nr L 


r WA ok : 
2¢ | (y + tog *) sin 2 da=2ed | ty + log 2) “4 da = 
0 ales 


=2ca,(lt+yt log B) (sin BB Ci(p) —20a f “aa 
B 


where B = A/a. The function Ci(#) was taken from standard tables and the 


integral | Ci(«)/x-dzx could be computed from the semi-convergent series and 


. 


B 
numerical integration. Our first approximation can now be written: 


Va) ana eg AeA 1), 
where: 
f(a) = [ee A) Bed | p (a, A) sare) 
« a e a 
or ‘ 2 (28) 
ln. eS Ci (a) 
c= aaa et) + y + log B) (sin 8B — BCi(B)) + 2A 7 dx: 
B 
The function f(A) appears in Table IT a. 
Table Ill a 
A 0.012 0.024 0.036 0.048 0.060 
f (A) 942 ep? — 541 — 644 = ys}s) 
v1 0.072 0.084 0.096 0.108 0.120 
f (A) Sai —277 = 133 —42 —2 


It turns out that /(A) is extremely sensitive to changes in sin d(a«), and we 
can at once draw the important but hardly surprising conclusion that accurate 
high energy scattering experiments are necessary for determining the potential 
function. 

In this situation we observe that there exists a very natural way of avoiding 
the difficulties mentioned before, namely making use of a cut-off convention. 
For simple physical reasons it is clear that the potential for small values of r 
and the large energy scattering should be connected with each other to a very 
high extent. Thus it seems natural to choose the cut-off radius proportional 
to A, and we will try explicitly with 4/2 and 2. With our choice of A= n- 0.012 
the smallest value of « will be 0.006, equivalent to ¢ = 345 MeV. Knowing 
practically nothing of the phase shift for energies between 30 and 345 MeV we 
will assume sin 6 = const. (= 0.79) for 0.006 < « < 0.02. 
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Then we obtain the following integral: 


and using (27) this transforms to 


Ala 
a u) 2A 7 \- 
[= 7 { e-de igaee 7, bY + log @) sin x 


Alb 
A/a 
af je [esine + cos x + 2A(Co (2) —wy + log 2) cos 2) 


Alb 


For convenience we introduce the notations: 


g (A) a ; oe 1H 
aj2 
and 
hia) = [ee je 0(%) 5, 
i 


The functions g(A) and h(A) are given in Table IIIb and Fig. 2 below. 


Table III b 
A 0.012 0.024 0.036 0.048 0.060 
g (A) 2141 525 239 145 86.7 
h (A) 1905 435 205 103 63.7 
A 0.072 0.084 0.096 0.108 0.120 
g (A) 51.5 34.4 27.9 20.3 15.3 
h (A) 36.2 22.5 14.5 9.7 6.6 


It turns out that g(A) and A(A) can be represented very nicely by Yukawa 
functions, and we easily find the range rp and the strength J. Denoting the 
cut-off radius by a we get the following results. 


Table IV 
a Ty (em) J (MeV) 
A/2 TL a0 18.2 
A 1.00- 10-8 22.0 
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1200 


1000 


‘ (A)? g(a) 


» 
0 0.012 0.024 0.036 0.048 0.060 0.072 0.084 0.096 0.108 0.120 
Fig. 2. 


These values should be compared e.g. with the values in [30], p. 153, especially 
7% = 1.37-101 and J = 32.6, corresponding to the meson mass 278. Re- 
membering that we have treated the first approximation only we can hardly 
expect any better agreement. 

At last it should be observed that when better experimental values for sin 6 («) 
are available, the corresponding first approximation of the potential function 
can be computed very rapidly with the aid of Table IT. 
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